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Incompressible Flow

Navier-Stokes equation/Explicit time step
Velocity Correction Scheme

Pressure Boundary Conditions

Example
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Navier-Stokes Equations
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Spectral/hp element time step restrictions
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Navier-Stokes Solver
Ou+ N(u) = —Vp+vViu

Navier-Stokes:

u
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Velocity correction scheme (aka stiffly stable):
Orszag, Israeli, Deville (90), Karnaidakis Israeli, Orszag (1991), Guermond & Shen (2003) "
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Where does it come from?
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Backward Difference Formula:
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Where does it come from?
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Splitting in time:

+ N(u)*,n+l — _ Vpn+1 + yv2un+1

J J-1
+ » — —
Wl Ny 2 U= Y au1— Ar) f N
At q=1 q=0
A+t 1
u - wo__ Vptl s Vzpn+1 _ Xv cut
t [
n+l _ Hf+ +
oot u — V2! = Vigtt! — al u’t! = u 4 lvpnﬂ
At VAt AN

Imperial College
London



Where does it come from?
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At At
Taking Divergence of RHS form:
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Splitting error
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Where does it come from?

\%
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What about BCs and enforcing divergence condition?

Dot product of momentum equation:
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Apply extrapolation and enforce zero divergence condition
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But why do we need BCs on pressure when full equations do not have them?

Imperial College
London




Where do BC's come from?

Following Guermond & Shen:

aun+1
= + N = - vp™! 4+ v viu+t!

Inner product WRT Vq directly get weak Poisson Eqgn:
ou
(Vag,—) +(Vg.N) = = (Vg,Vp) + u(Vq. VZu)

Apply Divergence Theorem:
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Where do BC's come from?

Following Guermond & Shen:
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Apply Divergence Theorem:

(v 0u) 0.V 0u)+< ou S
) =—(q, V- — ~— .n
5 LY T

(Vg.N)=-=(@q,V-N)+ <gN-n>
(Vq,Vp)=—(¢q,V’p)+ <¢qVp-n>
(Vg,V?u) = —(Vg, VXV xXu)

=(q,V-VXVXu)-<¢g,VXVxXxu-n>

Imperial College
London



Where do BC's come from?

Following Guermond & Shen:

Jdu 5
(VQ,E_I_N: — Vp+rvV-u)
Is equivalent to:
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Discretisation Approaches

2.5D: Quasi 3D

spectral/hp - Fourier Fully 3D

i lterative
3 Incompressible flow
\Xu+u-Vu=—Vp vV2u
ou ) :
IMEX: E—I/V u+Vp=+u-Vu
Implicit explicit
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INf-Sup condition

e BB condition/Inf-Sup

e Solving Stokes problem is so-called
“saddle point problem”

 Pressure can be considered as a Lagrange
multiplier that enforces divergence
condition

e |f pressure degrees of freedom are too
many the problem can “lock”

® [herefore often run with pressure polynomial order one
lower than the velocity polynomial order

e
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Example: Jupyter.ae.ic.ac.uk
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eoe x @ Teo X @ Tutonsls X Z Jupptertab @ Reports - Biling - Nektar Work: X @ Sales By Ticket Type.
« - c O & 34108210 4pserisherwiaberedirects=1
e et Vew Run Kemel Tabs Setings Hek
[ ® . ¢ St inons-soverlaynb x| = sessonzd-Compltesm X
[ — B+ XODO > mcCo» e v Pythen’ (oykerne) O
o teme < Lastmodited
1.1. Learning objectives
B
B ot 17 mioutes ag0 he Nektars+ or cyincer.
% | Doutons 17 minites s00 After complatsion of this tutoril you wil b familar it
0 ou i 17 minuts ago
o Doz 7 mioutes ago .
D ouviav 7 mioutes ag0 « Simuiating 2D and qus-3D incampressive iows.
_| Do — + Running th simulaion i serialand paratel
= D owutsw 16 minutes ago -
D out t163tu. 16 minutes ago .
0 otz 16 miutes ago
D autview 16 miutes ago 2. Introduction
D outiows 16 minutes ag0
B otz 7 mies 330 wend @0 @ @ | T werienss x| I surtisn ltro and acadonic X Y content X bbimperialacukiwebappsiblackbo X+ v
0 auttzoms 16 miutes ago he 20 case, By quasi-a0,
D outtzin 16 minutes ag0 "
0 otz 5 mies s B¢ =2 08 = i no% %% L & D
gtﬁ:": :::;:::::: 2.1. Governing equation @ Cetting Started @ Research Perspecti... (@) McLaren Group VP... (@) Add Linkedin Picture @) Sherwin Group | Sp... @) Staf Pages @) eFluids Gallery of V.. rror (@) Nektars+ () ISI Web of Knowled... @) GTA Payments > [ Other Bookmarks
B oo 16 miutes g0 """ File Edit View Run Kernel Tabs Settings Help
ot 26wy 16 minutes sgo Ny v ey et
D w2 16 minutos ago a - + ] * c -] ~)% [ 01-basics.ipynb x | ®i lver.ipynb °
0 outtzem 16 miutes ogo vovoo
0 auttzom 16 miutesago 8/ Tutorials / 02-IncompressibleFlow | B + XD O » =& C » Code v Python 3 (ipykernel) O
D out 3wt 17 minutes ago ‘3, and z d i R o e amporcpy "
B ot om 8 mias 0 ©  Name Last Modified
0 out 31 16 minutes ago = e el # First read the VTK file
Do oo 3. Problem description: 2D case D cyl2DMesh_17.chk 2 minutes ago mesh = pv.read("flowfield.vtu')
o3 16 minutes ag0 X
0 out st 16 minutes ag0 D = 1. Fo our study,we wil use  Reynolds number Re = 40 with Re = U B D cyizomesh ts.chk 2 minutes ago # Now create an itkwidget to visualise this in-browser.
D outt3smty 16 minutes ago velocity scale, D) is the length scale and v is the kinematic viscosity. D cyl2DMesh_19.chk 2 minutes ago pl = pv.PlotterITK()
0 outtasu 16 miutes ago e =
O oo o szes (5,101 % [ % | D cyl2DMesh_20hk 2 minutes ago :{.:::ﬁimuesn, scalars=mesh['u'], smooth_shading=True)
D outt3amy 16 minutes ago DO cyl2DMesh_20.chk 2 minutes ago
0 auttaom 16 minutes ago )
B outtevu 17 miates ago T [ D cyl2DMesh_3.chk 2 minutes ago
Far field :
0 outt.a0m 16 minutes 300 ar [ cyl2DMesh_4.chk 2 minutes ago
D auttsi 7 mioutes ago .
D out ey 17 minutes ago D cyl2DMesh_5.chk 2 minutes ago
B e 17 minues sg0 z 2 D cyl2DMesh_6.chk 2 minutes ago
out 8 7 miouts ago L 8 i
D auttom 17 miouts ag0 yors Gty 2 » [ cyl2DMesh_7.chk 2 minutes ago
= H
D points_cylpts 3days ago D cyl2DMesh_8.chk 2 minutes ago
© sessionz-Competami 20 mintes ag0
[ sessionzd xml 3daysago D cyl2DMesh_9.chk 2 minutes ago
sessonsa-Complete w330 Far field N
© sesson3d-Camplee i 3dors an o 0 D cyl2DMesh.fid 2 minutes ago
D sessonadami a0 o a
[ SessionAndGeomi 3days ago x D opt 2 minutes ago
O [ 1 @ Python 3 Gpykerne) [ i Saving compieted o ml 34 minutes ago

Set up input file

D cyl3DHMesh.xml
D cyl3DMesh.xml
D cylinder_small.geo

34 minutes ago
34 minutes ago
34 minutes ago
M CylinderGeometry.png
B CylinderGrid.png

D Dragliftfce

34 minutes ago
34 minutes ago

2 minutes ago

D EnergyFile.mdl 2 minutes ago
D flowfieldvtu aminute ago
[ HistoryFields.his 2 minutes ago

a minute ago

D points_cyl.pts.

34 minutes ago
[ session2d-Complete... 34 minutes ago
D session2d.xml 34 minutes ago
D session3d-Complete.... 34 minutes ago
D session3d.xml

D sessionAndGeo.xm!

4 @  Python 3 (ipykernel) | Idle

34 minutes ago

34 minutes ago

Saving completed

Run and plot the solution


http://www.nektarjupyter.ae.ic.ac.uk.info/notebooks

Example: Jupyter.ae.ic.ac.uk

[Tutorials/02-IncompressibleFlow/incns-solver.ipynb

ece A& “ = supytetan x| I starish (Weffare and scacemic X X bbimporiaac ukiwebappaiisckbo X+ v
0O ¢« > C 08 i no% 73 9 s g
@ Cetting Started @) Research Perspecti... ) McLaren Group VP... ) Add Linkedin Picture @ i . © [+] Vi.. X Eror @) Nektars+ () ISI Web of Knowled... () GTA Payments > [J Other Bookmarks

Z File Edit View Run Kemel Tabs Settings Help

- + * c = ~1% | 15 01-basics.ipynb X | i i . —
|/ Tutorials | 02-IncompressibleFlow / B + XMO @ » m C » Markdown v Python 3 (ipykernel) O
o ',‘J"".;;. S —— S °;’;'§°“ # calculate (p using pressure data
D cyl2DMesh_17.chk 3 minutes ago l:;éﬂnf =4 ,’rﬁﬁi:ﬁﬁ:‘a!iﬁgw
B D cylzbMesh_1.chk 3 minutes ago Q@2 = 0.5 % rho_inf % U_inf % U_inf
D cyl2DMesh_19.chk 3 minutes ago B Sp/a2
% D cyl2DMesh_2.chk 3 minutes ago # plot Cp
D cyl2DMesh_20.chk 3 minutes ago :}:::}:t;’l‘z"fg' ,;"')
[ D cyl2DMesh_3.chk 3 minutes ago plt.ylabel("$C_ps")
[ cyl2DMesh_4.chk 3 minutes ago plt.show()
.= | D cyl2DMesh_5.chk 3 minutes ago 08
T D cyl2oMesh 6ok 3 minutes ago 06
gy | D cyizoMesh zchk 3 minutes ago o
D cyl2DMesh_8.chk 3 minutes ago
D cyl2DMesh_9.chk 3 minutes ago R 02
D cyl2DMesh.fid 3 minutes ago 00
D cyl2DMesh.opt 3 minutes ago 02
D cyl2DMesh.xml 35 minutes ago o
D cyl3DHMesh.xml 35 minutes ago
D cyl3DMesh.xml 35 minutes ago % o o ln
D cylinder_small.geo 35 minutes ago *
M CylinderGeometrypng 35 minutes ago 15
M CylinderGrid.png 35 minutes ago
D cylWall.dat seconds ago o
D DraglLift.fce 3 minutes ago 05
D EnergyFile.mdl 3 minutes ago s
D flowfieldvtu 3 minutes ago oo
D) HistoryFields.his 3 minutes ago 05
seconds ago
D outFieldData_b0.fld seconds ago -10
D outFieldData_bO.vtu seconds ago -04 -02 00 02 04
D points_cylpts 35 minutes ago "
D session2d-Complete. 35 minutes ago
D session2d.xml 35 minutes ago I 6.4. Animate the flow field

® Ln1,Col1 incns-solveripynb

1) | idle Saving comple

4 @ Python 3 (ipy}

Extract the pressure distribution around cylinder

Animate the flow


http://www.nektarjupyter.ae.ic.ac.uk.info/notebooks

