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Incompressible Flow 

• Navier-Stokes equation/Explicit time step

• Velocity Correction Scheme

• Pressure Boundary Conditions

• Example 
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Spectral/hp element time step restrictions
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Navier-Stokes Solver
⇥tu + N(u) = �⇥p + �⇥2uNavier–Stokes:

Velocity correction scheme (aka stiffly stable): 
Orszag, Israeli, Deville (90), Karnaidakis Israeli, Orszag (1991), Guermond & Shen (2003)
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Where does it come from?
∂u
∂t

n+1
+ N(u)n+1 = − ∇pn+1 + ν∇2un+1

Backward Difference Formula: 

∂u
∂t

n+1
=

α0un+1 − û
Δt

+ O(ΔtJ)

− 1
2 |u|

2 (n · u). Imposing the condition n ·T− 1
2 |u|

2 n = 0 in regions with energy influx on ∂Ωo will eliminate

this instability. On the other hand, on a Dirichlet boundary ∂Ωd because u is prescribed, the energy influx

through ∂Ωd (if any) will not create the numerical instability issue.

In addition to the boundary conditions (2) and (3), appropriate initial conditions for the velocity u will

also need to be specified.

If a stress-divergence form, ν∇ ·
(
∇u+∇uT

)
, is used for the viscous term in the Navier-Stokes equation

(1a), the outflow boundary condition will be modified accordingly,

−pn+ νn ·
(
∇u+∇uT

)
−
[
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2
|u|2 S0(n · u)

]
n = fb(x, t), on ∂Ωo. (6)

2.2 Numerical Algorithm and Implementation

The equations (1a) and (1b), the boundary conditions (2) and (3), and the appropriate initial condition for

the velocity together constitute the system that needs to be solved in flow simulations. Next, we present

an algorithm for solving this system. Our emphasis is on how to numerically treat the outflow boundary

condition (3).

Let un and pn denote the velocity and pressure at time step n. To compute these variables at time step

(n+ 1), we successively solve for the pressure and the velocity as follows:

For pressure pn+1:

γ0ũn+1 − û

∆t
+ un ·∇un +∇pn+1 + ν∇×∇× un = fn+1 (7a)

∇ · ũn+1 = 0 (7b)

n · ũn+1 = n ·wn+1, on ∂Ωd (7c)

pn+1 = νn ·∇u∗,n+1 · n− 1

2
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b · n, on ∂Ωo. (7d)

For velocity un+1:

γ0un+1 − γ0ũn+1

∆t
− ν∇2un+1 + u∗,n+1 ·∇u∗,n+1 = un ·∇un + ν∇×∇× un (8a)

un+1 = wn+1 on ∂Ωd (8b)
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]
, on ∂Ωo. (8c)

In the above equations, ∆t is the time step size, and n is the outward-pointing unit vector normal to

∂Ω; ũn+1 denotes an intermediate velocity, which is an approximation of un+1. The time derivative ∂u
∂t is

approximated at time step (n+1) by a J-th order (J = 1 or 2) backward differentiation formula (BDF) [5],

that is,

γ0 =

{
1, if J = 1,
3
2 , if J = 2,

û =

{
un, if J = 1,
2un − 1

2u
n−1, if J = 2.

(9)
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Extrapolation

Nn+1 = N*,n+1 + O(ΔtJ)

N*,n+1 = {Nn  if J=1
2Nn − Nn−1 if J=2



Where does it come from?
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Where does it come from?
û+ − u+

Δt
= − ∇pn+1 ∇2pn+1 = 1

Δt
∇ ⋅ u+⇒ ?

Taking Divergence of RHS form: 

û+ − u+

Δt
= − ∇pn+1 ∇2pn+1 =

1
Δt

∇ ⋅ u+⇒

if ∇ ⋅ û+ = 0

Splitting error

∇ ⋅ û+ = 0 instead of ∇ ⋅ un+1 = 0
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where 〈·, ·〉 denotes the duality pairing between H−1(Ω)d and H1
0 (Ω)d. Obviously, we

have

∀v ∈ H−1(Ω)d, ‖S(v)‖1,Ω + ‖r‖0,Ω ≤ c‖v‖−1,Ω.(3.19)

We shall assume hereafter that the domain Ω is such that the following regularity
property holds:

∀v ∈ L2(Ω)d, ‖S(v)‖2,Ω + ‖r‖1,Ω ≤ c‖v‖0,Ω.(3.20)

The operator S has interesting properties, as listed below.
Lemma 3.2. For all v in H1

0 (Ω)d and all 0 < γ < 1 we have

∀v! ∈ H, (∇S(v),∇v) ≥ (1 − γ)‖v‖2
0,Ω − c(γ)‖v − v!‖2

0,Ω.

In particular,

∀v ∈ V, (∇S(v),∇v) = ‖v‖2
0,Ω.

Proof. Owing to the definition of S(v), we have

(∇S(v),∇v) = (r,∇·v) + ‖v‖2
0,Ω

= (r,∇·(v − v!)) + ‖v‖2
0,Ω ∀v! ∈ H

= − (∇r, v − v!) + ‖v‖2
0,Ω

≥ − ‖r‖1,Ω‖v − v!‖0,Ω + ‖v‖2
0,Ω

≥ − c(γ)‖v − v!‖2
0,Ω + (1 − γ)‖v‖2

0,Ω, owing to (3.20).

This completes the proof.
Lemma 3.3. The bilinear form

H−1(Ω)d ×H−1(Ω)d + (v, w) ,−→ 〈S(v), w〉 := (∇S(v),∇S(w)) ∈ R

induces a seminorm on H−1(Ω)d that we denote | · |!, and

∀v ∈ H−1(Ω)d, |v|! = ‖∇S(v)‖0,Ω ≤ c‖v‖−1,Ω.

Proof. It is clear that it is symmetric 〈S(v), w〉 = (∇S(v),∇S(w)) = 〈S(w), v〉 and
positive 〈S(v), v〉 = ‖∇S(v)‖2

0,Ω; hence, 〈S(v), w〉 induces a seminorm on H−1(Ω)d.
Furthermore,

|v|2! = 〈S(v), v〉 = (∇S(v),∇S(v)) = ‖∇S(v)‖2
0,Ω ≤ c‖v‖2

−1,Ω.

The proof is complete.

3.4.3. Proof of the L2-estimate on the velocity. In this subsection we prove

‖u − u‖l2(L2(Ω)d) ≤ cδt2.

Proof. We begin by reconstructing the momentum equation at time tk+1 by
adding the projection step to the viscous step. In terms of the errors, we obtain

3ẽk+1 − 4ẽk + ẽk−1

2δt
−∇2ẽk+1 + ∇εk+1 = Rk+1.(3.21)



Where does it come from?
∇2pn+1 =

1
Δt

∇ ⋅ u+

What about BCs and enforcing divergence condition? 

Dot product of momentum equation: 

∂p
∂n

n+1
= ∇pn+1 ⋅ n = [ν∇2un+1 −

∂u
∂t

n+1
− N(u)n+1] ⋅ n

∇2u = ∇(∇ ⋅ u) − ∇ × ∇ × uNn+1 ⇒ N*,n+1

But why do we  need BCs on pressure when full equations do not have them? 

∂p
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= ∇pn+1 ⋅ n = − [ν∇ × ∇ × u*,n+1 +

∂u
∂t

n+1
+ N(u)*,n+1] ⋅ n

Apply extrapolation and enforce zero divergence condition 



Where do BC's come from?
∂u
∂t

n+1
+ N(u)n+1 = − ∇pn+1 + ν∇2un+1

Following Guermond &  Shen: 

Apply Divergence Theorem: 

Inner product WRT   q directly get weak Poisson Eqn:  ∇

(∇q,
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∂t

) + (∇q, N) = − (∇q, ∇p) + ν(∇q, ∇2u)



Where do BC's come from?
∂u
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+ N(u)n+1 = − ∇pn+1 + ν∇2un+1

Following Guermond &  Shen: 

(∇q, ∇p) = − (q, ∇2p) + < q∇p ⋅ n >

(∇q, N) = − (q, ∇ ⋅ N) + < qN ⋅ n >

Apply Divergence Theorem: 

(∇q,
∂u
∂t

) = − (q, ∇ ⋅
∂u
∂t

) + < q
∂u
∂t

⋅ n >
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(∇q, ∇2u) = − (∇q, ∇ × ∇ × u)

= (q, ∇ ⋅ ∇ × ∇ × u) − < q, ∇ × ∇ × u ⋅ n >



Where do BC's come from?
Following Guermond & Shen: 
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Discretisation Approaches

∂u
∂t

+ u ⋅ ∇u = − ∇p + ν∇2u

∂u
∂t

− ν∇2u + ∇p = − u ⋅ ∇u

2.5D: Quasi 3D

spectral/hp - Fourier Fully 3D

IMEX: 

Implicit explicit

Incompressible flow 
Direct Iterative



Inf-Sup condition
• LBB condition/Inf-Sup 

• Solving Stokes problem is so-called 

“saddle point problem”

• Pressure can be considered as a Lagrange 

multiplier that enforces divergence 
condition


• If pressure degrees of freedom are too 
many the problem can “lock”

• Therefore often run with pressure polynomial order one 
lower than the velocity polynomial order



Example: jupyter.ae.ic.ac.uk
/Tutorials/02-IncompressibleFlow/incns-solver.ipynb

Set up input file 

Run and plot the solution 

http://www.nektarjupyter.ae.ic.ac.uk.info/notebooks


Example: jupyter.ae.ic.ac.uk
/Tutorials/02-IncompressibleFlow/incns-solver.ipynb

Extract the pressure distribution around cylinder

Animate the flow

http://www.nektarjupyter.ae.ic.ac.uk.info/notebooks

